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DETERMINATION OF THE THERMODYNAMIC PARAMETERS 
OF Α-IRON IN BINARY SYSTEMS FE-CR AND FE-TI

This article presents the results of calculations of the thermodynamic parameters 
of binary Fe-Cr and Fe-Ti systems based on their state diagrams using the Bjerrum-
Guggenheim osmotic coefficient, for the region of iron crystallization from the iron 
activity of an ideal α-γ solution for the above systems.

When calculating the lines of phase equilibrium in the Fe-Cr and Fe-Ti 
systems, it was established that the Bjerrum-Guggenheim coefficient can serve 
as an assessment parameter characterizing the role of exchange forces between 
atoms, and by its dimension (Фi><1) one can qualitatively judge the nature of the 
intermolecular interactions in the system. The results of this work made it possible to 
correctly solve the direct Gibbs problem, namely, to obtain an analytical dependence 
of phase compositions on temperature at phase equilibria based on the laws of phase 
formation. It is shown that with the help of the Bjerrumm-Guggenheim osmotic 
coefficient (Fi), the real equilibrium in the system under study can be determined in 
detail and their correct analytical expression can be obtained.

When calculating phase equilibrium lines in systems with different types of 
interaction between components, it was established that the Bjerrum-Guggenheim 
coefficient can serve as an assessment parameter characterizing the role of exchange 
forces between atoms.

Keywords: thermodynamics; Bjerrum-Guggenheim coefficient; state diagram; 
osmotic coefficient; binary systems.

Introduction
State diagrams clearly reflect the nature of the interaction of components in the 

melt, its phase composition and the structure of the alloys under conditions of stable 
thermodynamic equilibrium. Consequently, they contain all the fundamental and 
important information about the thermodynamic properties of phases and components.

The solution to the inverse Gibbs problem is to extract the thermodynamic 
information contained in the phase diagram, subject to the correct solution of the 
mathematical problem of phase equilibria.
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Materials and methods
We have solved the first stage of the inverse Gibbs problem, i.e. a modified 

Schroeder-Le Chatelier equation was obtained, which allows one to analytically describe 
the liquidus and solidus lines. In this regard, let us consider the derivation of analytical 
expressions for the partial excess enthalpy (ΔНМ(E)) and entropy (ΔSE) of mixing of the 
liquidus component in systems with the relation Фi = Аi + Вi · аi.

The difference between the thermodynamic mixing function Gm for a real solution 
and the value of this function for an ideal solution G at the same T and p is called the 
excess thermodynamic function. 

     (1)

The relationship between the activity coefficient and the Bjerrumm-Guggenheim 
coefficient is established as follows:

           (2)

Where  – is the Gibbs energy of melting a component to its ideal component

   .  

Let us express the activity coefficient through the Bjerrumm-Guggenheim osmotic 
coefficient. In the physicochemical literature, this coefficient is called the osmotic 
coefficient [1,2] and it establishes a relationship between the activity and concentration 
of a component in a solution, which is significantly different from the similar relationship 
between the activity coefficient and concentration:

    . (3)

Since we are considering the change in the value of Fi along the line of phase 
equilibrium, therefore, it depends on both the temperature and the composition of the 
equilibrium phases. At the same time, as can be seen from expression (2), this quantity 
is a dimensionless quantity. Its identity with the well-known osmosis is shown below.

Thermodynamic classification of solutions is based on the nature of the equations for 
the chemical potentials of the solution components. In an ideal solution, the following 
expression holds true for each component:

                                                        (4)
where 0

iµ  – standard chemical potential of the i-th substance in the standard state;
Хi – molar concentration of the i-component in a given solution; 
RTlnXi – corresponds to the change in chemical potential as a result of mixing 

(during the formation of an ideal solution).
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By analogy with equation (4), the dependence of the chemical potentials of a non-
ideal solution on concentration can be written, according to work [2], in the form:

                                                      (5)
                                   

where γi – activity coefficient.
The general condition for ideality is that for an ideal solution in the entire 

concentration range the following condition is satisfied:
    

The advantage of using the activity coefficient is that it allows you to maintain the 
formal similarity of the expressions of the thermodynamic properties of real solutions 
with the equations for non-ideal solutions [3–5]. The activity coefficient of the solvent, 
as opposed to the activity coefficients of the dissolved components, is not, for purely 
arithmetic reasons, the most suitable function for measuring deviations from ideality. 
Therefore, for a solvent, instead of the activity coefficient, it is more convenient to use 
another correction factor, called the Bjerrum-Guggenheim osmotic coefficient [6-8], 
which is introduced as follows:

                                                         (6)
where Ф1 – osmotic coefficient of Bjerrum and Guggenheim of the solvent 

Comparing this expression with eqation (5) we find that 

     (7)                           

 Therefore, the activity coefficient can be expressed as follows: 

    

 Then we have the initial data for calculating the partial excess thermodynamic 
mixing functions of the liquidus component [9,10]:

      (8)
              

                                (9)
                                        

    (10) 
                             

   (11)
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When differentiating a function 
   (12)

                                  

   (13)

   (14)

For the Fe-Cr and Fe-Ti systems under consideration, the thermodynamic 
characteristics of iron were calculated.

Initial data: ΔHpl, Fe= 15190.384 J/mol; Melt, Fe= 1811 K
Calculation of excess thermodynamic mixing functions in Cr-based systems.

Results and discussion
Fe-Cr system
Initial data are taken from [4] and are presented in Table 1.

Table 1 – Input parameters for calculating thermodynamic data in the Fe-Cr system
№ 
п/п Т,К Х L

оп.Fe LnXL 
Fe Ф‘Fe Ф”Fe aL

Fe 1/T

1 1812 1 0 0,154 0,104 1 5,518764
2 1803 0,983 -5,4526E-05 0,145415 0,092303 0,99498 5,546312
3 1793 0,959 -0,00013484 0,135827 0,079238 0,989372 5,577245
4 1783 0,935 -0,00024809 0,126186 0,066101 0,983734 5,608525
5 1773 0,905 -0,00041931 0,116492 0,052893 0,978065 5,640158
6 1763 0,88 -0,00070744 0,106745 0,039612 0,972365 5,67215
7 1753 0,855 -0,00129236 0,096944 0,026258 0,966634 5,704507
8 1743 0,825 -0,00311079 0,08709 0,012831 0,960872 5,737235

The crystallization region of α-Fe is described by the equation:
    
    

Thermodynamic characteristics of iron in the Fe-Cr melt, calculated according to 
equations (12–14), are presented in figure 1 and table 2.
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Table 2 – Calculated thermodynamic αFe in the Fe-Cr melt
 № Т,К ΔН кJ/g∙at. ΔS kJ/g∙аt∙К ΔG кJ/mol
1 1812 0 0 0
2 1803 0,00192 319,5202762 -0,03789
3 1793 0,004722 670,7393355 -0,08159
4 1783 0,008638 1017,922868 -0,12702
5 1773 0,014515 1361,037675 -0,17422
6 1763 0,024346 1700,050331 -0,22322
7 1753 0,044214 2034,927181 -0,27408
8 1743 0,105791 2365,63435 -0,32683

Figure 1 – Partial excess entropy, enthalpy and Gibbs energy 
of mixing liquidus components in the Fe-Cr system
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Fe-Ti system
Initial data are taken from [4] and are presented in Table 3.

Table 3 – Input parameters for calculating thermodynamic data in the Fe-Ti system
№ Т,К Х L

оп.Fe LnXL 
Fe Ф’Fe Ф”Fe aL

Fe 1/T*104

1 1811 1 0 4,5278 2,5202 1 5,521811
2 1783 0,984536 -0,01360942 4,411107 2,460972 0,9864828 5,608525
3 1763 0,969214 -0,02523365 4,312686 2,411017 0,9750821 5,67215
4 1743 0,951754 -0,03712464 4,213183 2,360513 0,963556 5,737235
5 1723 0,933107 -0,04929169 4,112587 2,309455 0,9519034 5,803831
6 1703 0,913146 -0,06174451 4,010888 2,257837 0,940123 5,871991
7 1683 0,887255 -0,07449331 3,908076 2,205654 0,9282137 5,941771
8 1663 0,858974 -0,08754875 3,80414 2,152901 0,9161742 6,013229
9 1643 0,827957 -0,10092203 3,699072 2,099572 0,9040035 6,086427
10 1613 0,764706 -0,12160377 3,539326 2,018492 0,8854992 6,199628

The crystallization region of α-Fe is described by the equation:

   

Thermodynamic characteristics of iron in the Fe-Ti melt, calculated using equations 
(12–14) are presented in Figure 2 and Table 4.

Table 4 – Calculated thermodynamic α-Fe in the Fe-Ti melt
№ Т,К ΔН кДж/г∙ат. ΔS кДж/г∙ат∙К ΔG кДж/моль
1 1811 0 0 0
2 1783 422,6884 15932,79 -0,66649
3 1763 739,3679 28872,54 -1,22496
4 1743 1069,333 41500 -1,78596
5 1723 1413,551 53810,04 -2,34922
6 1703 1773,095 65797,46 -2,91445
7 1683 2149,153 77457,02 -3,48133
8 1663 2543,047 88783,38 -4,04953
9 1643 2956,254 99771,17 -4,61864
10 1613 3615,953 115606,2 -5,47313
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Figure 2 – Partial excess entropy, enthalpy and Gibbs energy 
of mixing liquidus components in the Fe-Ti system

Conclusions
During the calculating the lines of phase equilibrium in systems with different types 

of interaction between components, it was established that the Bjerrum-Guggenheim 
coefficient can serve as an assessment parameter characterizing the role of exchange 
forces between atoms and by its dimension (Фi><1) one can qualitatively judge the 
nature of the intermolecular interaction in the system and the degree of deviation from 
regularity.

The applicability of the Bjerrum-Guggenheim coefficient for the region of iron 
crystallization from the iron activity of an ideal α-γ solution for the calculation of 
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partial thermodynamic mixing functions of liquid iron based on state diagrams of binary 
systems Fe-Cr and Fe-Ti is shown.
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FE-CR ЖӘНЕ FE-TI БИНАРЛЫ ЖҮЙЕЛЕРІНДЕ Α-ТЕМІРДІҢ 
ТЕРМОДИНАМИКАЛЫҚ ПАРАМЕТРЛЕРІН АНЫҚТАУ

Бұл мақалада күй диаграммалары негізінде Fe-Cr және Fe-Ti бинарлы 
жүйелерінің Бъеррум-Гуггенгейм осмостық коэффициентін қолдану арқылы 
термодинамикалық параметрлерін есептеу нәтижелері келтірілген.

Fe-Cr және Fe-Ti жүйелеріндегі фазалық тепе-теңдік сызықтарын 
есептеу кезінде Бъеррум-Гуггенгейм коэффициенті атомдар арасындағы 
алмасу күштерінің рөлін сипаттайтын бағалау параметрі бола алатыны 
анықталды және оның өлшемі бойынша (Фi><1) жүйедегі молекулааралық 
әрекеттесулердің табиғатын сапалы түрде бағалауға болады. Бұл жұмыстың 
нәтижелері тікелей Гиббс есебін дұрыс шешуге мүмкіндік берді, атап айтқанда 
фазалық құрамдардың фазалық тепе-теңдік кезіндегі температураға 
аналитикалық тәуелділігін фазалардың пайда болу заңдылықтары негізінде 
алуға мүмкіндік берді. Бьеррумм-Гугенхайм осмостық коэффициентінің (Fi) 
көмегімен зерттелетін жүйедегі нақты тепе-теңдікті егжей-тегжейлі 
анықтауға және олардың дұрыс аналитикалық өрнегін алуға болатыны 
көрсетілген.

Компоненттер арасындағы өзара әрекеттесудің әртүрлі типтері бар 
жүйелердегі фазалық тепе-теңдік сызықтарын есептеу кезінде Бьеррум-
Гуггенхайм коэффициенті атомдар арасындағы алмасу күштерінің рөлін 
сипаттайтын бағалау параметрі бола алатыны анықталды.

Кілтті сөздер: термодинамика; Бъеррум-Гуггенгейм коэффициентІ; күй 
диаграммасы; осмостық коэффициент; бинарлы жүйелер.
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ОПРЕДЕЛЕНИЕ ТЕРМОДИНАМИЧЕСКИХ ПАРАМЕТРОВ 
Α-ЖЕЛЕЗА В БИНАРНЫХ СИСТЕМАХ FE-CR И FE-TI

В этой статье приведены результаты расчетов термодинамических 
параметров бинарных систем Fe-Cr и Fe-Ti на базе их диаграмм состояний 
с применением осмотического коэффициента Бъеррума-Гуггенгейма, для 
области кристаллизации железа от активности железа идеального α-γ 
раствора для вышеуказанных систем. 

При расчете линий фазовых равновесий в системах Fe-Cr и Fe-Ti 
установлено, что коэффициент Бъеррума-Гуггенгейма может служить 
в качестве оценочного параметра характеризующего роль обменных сил 
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между атомами, и по его размерности (Фi><1) можно качественно судить 
о характере межмолекулярного взаимодействия в системе. Результаты 
настоящей работы позволили корректно решить прямую задачу Гиббса, а 
именно, получить аналитическую зависимость составов фаз от температуры 
при фазовых равновесиях на основе закономерностей формирования фаз. 
Показано, что с помощью осмотического коэффициента Бьеррумма-
Гуггенгейма (Фi) детально может быть определено реальное равновесие в 
изучаемой системе и получено их корректное аналитическое выражение.

При расчете линий фазовых равновесий в системах с различным 
характером взаимодействия компонентов установлено, что коэффициент 
Бъеррума-Гуггенгейма может служить в качестве оценочного параметра, 
характеризующего роль обменных сил между атомами.

Ключевые слова: термодинамика; коэффициент Бъеррума-Гуггенгейма; 
диаграмма состояния; осмотический коэффициент; бинарные системы.
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